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Abstract — A new approach to the analysis of dielectric 
optical ring slab waveguides with a layered refractive index 
is developed. Results for a layered approximation of a 
refractive index with a parabolic profile are presented. 
Comparison with the well-known results for constant 
refractive index is performed. 

Keywords — ring waveguides, parabolic refractive index, 
TE propagation modes. 

I. INTRODUCTION

ing waveguides play an important role in photonic 
integrated circuits.The first propagation models to 

these waveguides were developed by Marcatili [1] and 
Marcuse [2]. Since then a lot of work has been done 
considering waveguides in particular with a constant 
refractive index profile [1-434]. 

Recently a generalization of Marcatili’s model was 
presented by the authors [5]. This model is used in this 
work to treat waveguides with a layered refractive index. 
In the treated example the layered refractive index tends to 
a parabolic profile with the increase in the number of 
layers. The waveguide core is divided into several layers 
where the refractive index is decreased from the center 
towards the cladding. Boundary conditions imposed on 
each layer interface allow the characteristic equation to be 
obtained. The eigenvalues are numerically calculated from 
this equation. The profile of TE modes, their confinement 
in the waveguide core and the curvature losses are 
calculated for several radii of the ring. The results are 
analyzed and discussed with regard to published results 
[4] of structures with a constant refractive index in the 
core and cladding. 

Waveguides with a parabolic profile of the refractive 
index would be useful in some laser structures, namely 
separate confinement hetero-structures lasers. The 
knowledge of their behavior is thus very important for the 
modelization of these structures. The presented model 
with an analytical basis is also an important step to the 
validation of results obtained by numerical methods such 
as the finite element method for more complex geometries 
and material properties. 
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II. MODEL

A ring slab waveguide, having cylindrical symmetry, is 
represented in Fig 1. In our model the material properties 
do not change in the axial, y, and azimuthal, directions. 
Along the radial direction, however, it is assumed that the 
refractive index n presents a parabolic variation, simulated 
by dividing the waveguide into concentric toroidal regions 
with constant refractive index Fig1b. Due to the 
waveguide symmetry properties the electromagnetic field 
does not change in the y direction. Similar to [6], [7] we 
use Bessel functions to describe the field in the interior 
medium, a combination of the first and second kind 
functions in the region inside the cavity and a second kind 
Hankel function in the region beyond the ring. On the 
boundaries the field has to be matched imposing the 
appropriate boundary conditions. 

The field is considered to vary harmonically in time 
satisfying Maxwell equations, in this case with the form:  

jE - H  (1) 

jH E  (2) 

0E  (3) 

0H  (4) 

where , and are the angular frequency, the 
magnetic permeability and the dielectric permittivity of the 
waveguide dielectrics, and E , H  denote the phasors of 
the electric and magnetic field strengths, respectively.   

In the ring slab waveguide modes the electric and 
magnetic fields, corresponding to the propagation along 
the azimuthal direction, are described by[4]: 

j( t R )
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j( t R )
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Substituting (5) and (6) into (1)-(4) equations and 
separating the variables the following results are obtained, 
as described in [4] : 
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where   is the propagation constant of the ring slab mode, 
0  the vacuum permittivity and 2

r n the relative 
permittivity. Due to the energy losses by radiation, the 
propagation constant is a complex number given 
by: j ,  > 0,  > 0. The real part is the phase 
coefficient and the imaginary part gives the field damping 
coefficient. For transverse electric (TE) waves the only 
nonzero components are yE~ , rH~ and H~ which are 

expressed in terms of yE~ . The electromagnetic fields in 
both TE and TM modes are governed by the following 
Bessel equation obtained from equations (7) and (8): 

2 2 2
2 2

2 2

1 0Rn k
r r r r

 (13)

where is the vacuum wavelength, n  is taken as a 
constant and 2k . Bessel functions, taking R  as 

the complex order, are the solution of these equations with 

yE~  (TE mode). In this work, we are going to analyze 
only the TE-like modes. The interface conditions for these 
modes require continuity of Ey and Ey/ r across the 
dielectric interfaces. Since the field must vanish when
r 0 and r , the solution should be a Bessel funstion of 
first kind J on the substrate and a Hankel function of 
second kind on the cladding, where for Rr  , there is 
only the contribution of an outward cylindrical wave. 

 In this way, for a waveguide with a layered refractive 
index, the solutions of equation (13) for the different 
regions are given by: 

1
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with As, Ai , Bi and Ac determined by the boundary 
conditions, where i , i=1, …, N, is the layer order, taking 

dRr0  and RrN .
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Fig 1. a) A ring slab waveguide. b) Cavity partition into 
several layers with equal width. Ai, Bi are the field 

coefficients in the layer of order i.

The ring slab cavity with thickness d is embedded 
between an interior medium (s) with refractive index ns
and an exterior medium (c) with refractive index nc=ns
(Fig.1a). The distance between the origin and the outer rim 
of the ring defines the ring radius R.

A standard parabolic profile with the inflection point at 
the center of the cavity (r = R-d/2) with index nf , and a 
refractive index ns at the positions r < R and r> R-d, was 
used to describe the refractive index variation with r, n(r).
The ring slab (Fig.1b) was divided into several layers 
(i=1,..,N) of equal thickness. The problem is treated 
considering a step approximation of the refractive index 
profile. For this aim, the index of each layer i was taken as 
the value of n(r) at the center position of the layer            
(ri-1+ri)/2. 

Boundary conditions in each interface lead to a 
homogeneous system of 2(N+1) linear equations for the 
coefficients As, A1, B1,…, Ai, Bi,…, AN, BN , Ac to which it is 
necessary to add the propagation constant . Thus, all the 
constants As, Ac, Ai, Bi, i=1,..,N, will be determined except 
one (As) which may be arbitrarily imposed. 

The time average power flow density is given by the 
real part of the complex Poynting 
vector 1

2avS E H . The components of this quantity 

for the TE-mode along the r and  coordinates are 
respectively given by: 
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Then, it is possible to determine the total optical 
average value of the power per unit length, carried by the 
wave travelling in the azimuthal direction: 
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It is possible to achieve all the constants Ac, Ai, Bi, as a 
function of the constant As. This means that: 

2( ) ( )s sP A P A  (18)

Result of equation (18) will be used to define 
energetically the normalized factor for the electric field 
strength which is taken as 0 ( )P . The ratio 
between the power flow in the azimuthal direction inside 
the ring and the power flow in all range is used as a 
measurement of the mode confinement: 
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The curvature losses correspond to the power flow in 
the radial direction: 
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III. RESULTS

A numerical technique similar to the one described in 
[4] was used to find the roots of the characteristic equation 
in the complex plane. The discrete approximation of the 
refractive index tends to the parabolic profile when the 
number of layers increases. A good approximation is 
obtained when the number of layers is equal or greater 
than eleven. The refractive index outside the ring slab is 
1.6 and the maximum index inside the ring slab is 1.7. The 
wavelength used is =1.3 m.

Fig.2. Effective refractive index as a function of the 
number of layers inside the cavity. 

The validation of our results concerning the angular 
propagation constant  was done by comparison with 
those of [4], [8] for the eigenvalue associated with the 
fundamental mode with one layer and d=1μm. As a 
consequence of the equivalence of the algorithms, we 
found an excellent agreement showing a deviation less 
than 1% compared to the results presented in [4] and [8].  

a)                                                      b)

c)

Fig.3. TE0 mode profiles for three different radius: a) 
R=20.5 m b) R=50.5 m and c) R=100.5 m for several 

layers used inside the cavity. 

With the reduction of R, Fig.3, the maximum absolute 
value of the basic electric field shifts towards the outer rim 
of the ring slab, and the relative field levels in the exterior 
region grow. However when the number of layers grows 
the maximum tends to the center of the ring slab, showing 
the importance of the mode confinement for small radius, 
and the absolute value of the field decreases, as a 
consequence of the effective refractive index decrease 

(Fig.2). It is also observed, as expected, that ring 
waveguides with large radii R support modes with the 
familiar symmetric profile, which is characteristic of 
straight symmetric slab waveguides [8].[9,10].

In Fig.4 it is interesting to look at the behavior of the 
complex amplitude of the field with the full range of the 
radial coordinate.  When r=0 the complex amplitude is 
null. Inside the cavity the complex amplitude is almost 
real, reaching a maximum in its interior. Outside the 
cavity, the field has real and imaginary parts with damping 
oscillations in the radial direction. Analyzing the plots of 
Fig.3 it is also possible to see a decrease in the amplitude 
of the oscillations, with the number of layers, for both 
values of R. Also there is a decrease in amplitude of the 
oscillations with the distance to the ring slab. However for 
R=20.5μm and eleven layers there is a small variation as 
can be seen in Fig.3a) and  Fig.4a). 

Fig.4. Complex amplitude of the field for two radius of 
curvature (black lines). Gray lines, represent projections 

on the planes. Dashed lines depict inside and outside limits 
of the cavity. In Fig a) the plots show the field behavior 

for a radius of 20.5 μm and in Fig b) for a radius of 
50.5μm. 

To understand this behavior let’s take a look at the 
parameter characterizing the confinement of the field 
mode.  

Fig.5. (a) Confinement for the three situations R=100.5,
50.5, 20.5 m. (b) Confinement fitting to the curves with 
R=100.5, 50.5 m. 

In Fig.5a it is shown that there is a minimum value of 

a) b)

a) b)
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the confinement for 3 layers.  
This result can be explained based on the two 

mechanisms that affect the parameter in opposite 
directions. The first one is the reduction in the effective 
refractive index, see Fig.2. The other one is a consequence 
of the maximum value location of the field which is a 
consequence of the refractive index profile. The 
importance of this effect grows with the number of layers. 
The first one tends to reduce the energy confined in the 
ring; the second one tends to increase that energy. When 
the number of layers grows from one to three the effective 
refractive index has a sudden and important decrease. The 
result is a reduction in the confinement mode parameter. 
Rising the number of layers the decrease of the effective 
refractive index becomes unimportant and the energy 
confined in the ring grows even more with the number of 
layers. This behavior can be confirmed looking at the shift 
of the field maximum value. When the number of layers 
passes from one to three there is almost no change in the 
maximum position but for a number of layers greater than 
three this maximum value deviates to the center of the 
waveguide ring.  Results for the curves with R=100.5, 
50.5 m (Fig.5b) were fitted with an exponential function 

The variation of the power radiated through the outer 
ring surface with the number of layers inside the ring slab 
and the radius is also presented in, Fig.6. As expected, the 
power radiated is sensitive to the radius. With small radius 
the radiated power is greater than with greater ones. The 
radiated power is directly related to the curvature losses. 
When the confinement is increased the curvature losses 
are decreased. On the other hand, the same quantity, the 
power radiated along the radial direction, calculated 
through the inner ring surface gives a result which can be 
neglected showing that the curvature losses correspond 
essentially to the radiated field towards outside the ring. 

Fig.6. (a) Power radiated at a distance of R0=1000 m
of the cavity as a function of the number of layers. 

R=100.5, 50.5, 20.5 m; (b) curve fitting of the power 
radiated when the number of layers is greater than three. 

Power radiated was also fitted (Fig.6.b)) with an 
exponential function. 

IV. CONCLUSION

An analytical approach to the analysis of two-
dimensional ring slab waveguides has been presented. The 
ring waveguide mode profiles, confinement and curvature 
losses were calculated when the refractive index presents a 
parabolic variation. The model approximates the refractive 
index function by a set of layers. The calculation of the 

field results from the model equations through the 
imposition of boundary conditions in each layer interface, 
followed by the determination of the overall system 
eigenvalues.  

The following conclusions may be extracted:  

1. The TE0 mode profile has an interesting evolution 
in the guide. Without steps, the mode profile of a ring 
waveguide is asymmetric and their maximum value is 
near the outer frontier of the guide. When the number 
of layers, increases the maximum value of the mode 
profile tends to the center of the waveguide and the 
profile tends to a symmetric one, as it appears in a 
straight waveguide. This behavior is related to the 
diminishing of the curvature losses.  
2. The confinement passes through a minimum value, 
Fig.5. This value is determined by two opposite 
factors acting on the confinement: one is the 
diminishing of the effective refractive index and the 
other one the increasing of the number of layers N
and the consequent diminishing of the curvature 
losses, corresponding to the confinement increasing.
When R>50μm and N>3 it was showed how the  
confinement function can be approximated using a 
exponential function. 
3. The power radiated has a maximum value when 
the confinement passes through a minimum 
(corresponding to a maximum value for the curvature 
losses), which can also be described by an 
exponential function. 
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