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Abstract — The presented method determines the electric 
potential distribution in a modeled human muscle  excited by 
a current pulse source placed on its surface. The electric 
potential in the muscle volume is calculated while considering 
the anisotropic and dispersive properties of its conductivity 
and permittivity. The developed numerical procedure is 
based on solving the differential equation for the electric 
potential in the frequency domain, by implementing the 
Finite Differences Method (FDM). The current density is 
calculated in the frequency domain using the known values 
for the potential. The time shape of the current pulse in 
different locations within the muscle tissue is analyzed using 
the Discrete Fourier Transform (DFT).
 The application of this method includes several fields of 
biomedical engineering: determination of the optimal 
magnitude and shape of the current pulses in Electrical 
Muscle Stimulation (EMS), optimization of electrode shape in 
Transthoracic Defibrillation of the Heart, and it can be 
appropriately modified for usage in simulating 
Electromyography (EMG). The developed method can be 
used in every case which involves injecting electrical current 
on the boundary of an imperfect, dispersive, anisotropic 
volume conductor. 

Key words — Current pulse source, electric potential 
distribution, human muscle tissue. 

I. INTRODUCTION

SIGNIFICANT number of medical procedures 
implement electrical current injection in the human 
body, in diagnostics, as well as in therapeutic 

purposes. Important examples of such medical procedures 
are Heart Defibrillation, Electrical Muscle Stimulation and 
Electromyography. In those procedures determination of 
the current density distribution in human tissues is 
essential in order to achieve optimization of the injected 
current wave-form, amplitude and frequency. The current 
density can be directly determined through solving the 
differential equation for the electric potential in the 
domain of interest. 

Determination of the electric potential in biological 
tissues is complicated due to their inhomogeneous, 
anisotropic and dispersive properties. As a result there are 
a number of papers where the anisotropic characteristics of 
the muscle tissue are neglected [1], [2], [3]; and works in 
which dispersion is neglected [1], [2], [4], [5], [6]. Our 
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research is focused on developing a more general 
technique for determination of the electric potential and 
current density distribution within human muscle tissue, 
i.e. taking into account all of the important muscle 
properties.  

II. MODELING THE MUSCLE TISSUE AND ELECTRODES

The muscle is modeled as a finite imperfect volume 
conductor with dimensions 10 . The 
geometry and dimensions of the simple muscle model are 
shown in Fig. 1. 
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Fig. 1: The geometry of the modeled muscle volume 
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The symmetry of the model allows to be analyzed one 
quarter of the whole muscle volume, with application of
appropriate boundary conditions on its borders. As shown
in Fig. 1, the upper electrode is modeled as a point current
source located on the upper surface of the muscle, and the
grounded electrode is represented by a grounded
conducting plane surface. Fig. 2 (a) shows the excitation 
current pulse injected by the upper electrode, and Fig. 2
(b) presents the frequency spectrum of the pulse.

Fig. 2 (a) Time shape and duration of the excitation
current pulse. 
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Fig. 2 (b) Frequency spectrum of the excitation current 
pulse. 

The anisotropic properties of muscle tissue are reflected 
by introducing its permittivity and conductivity as tensors: 

( , , )T T L  and ( , , )T T L . According to [7], 
the transversal and longitudinal components of its 
permittivity and conductivity are dependent on frequency, 
as shown in Fig. 3 (a) and 3 (b).  

Fig. 3 (a) Permittivity of human muscle tissue as a 
function of frequency.

Fig. 3 (b) Conductivity of human muscle tissue as a 
function of frequency.

III. NUMERICAL PROCEDURE

 The developed numerical procedure is based on solving 
the differential equation for the electric potential by 
implementing the Finite Differences Method [8]. In order 
to implement FDM on the imperfect conductor, its volume 
is divided into x yN N N Nz  three dimensional 
elements. According to FDM, the end points of the cubic 
shaped elements are called nodes. The point current source 
is represented by a node located in the origin of the 
coordinate system.  
  The differential equation for the electrostatic potential is 

obtained by combining Maxwell’s first equation in 
complex form: 

div E , (1) 
with the continuity equation in complex form: 

divJ j ,                (2) 
where E  is the electric field,  is the volume charge 

density, J  is the current density and  is the angular 
frequency. 
 Making use of Ohm’s law, J E , leads to the 
expression: 

( )div j grad 0 .     (3) 
 The differential equation for the potential (3) in 
rectangle coordinates is given by the expression: 

2 2

2 2( ) ( )T T T Tj j
x y

      
2

2( )L Lj
z

0                    (4) 

 According to FDM, the partial derivatives of second 
order in equation (4) are replaced by their finite difference 
equivalents, which results in a system of linear algebraic 
equations: 

, , 1, , 1, , , 1,
1 (

4 2i j k i j k i j k i j ku u u u
S

, 1, , , 1 , , 1)i j k i j k i j ku S u S u      (5)

The solution of the system (5) is obtained by 
implementing the method of iterations [8]: 

( 1) ( ) ( ) ( )
, , 1, , 1, , , 1,

1 [
4

p p p p
i j k i j k i j k i j ku u u u

   (6) ( ) ( ) ( )
, 1, , , 1 , , 1], ( 0,1,2,...)p p p

i j k i j k i j ku u u p

where the parameter S equals: 
L

T T

jS
j

L .   (7) 

The initial approximations of the potential, , are 
obtained by implementing border conditions: 

(0)
, ,i j ku

• Neumann’s condition on the side and upper surfaces            
0 ;

n
                                   (8) 

• zero potential on the bottom surface. 
However, in this demanding case, the values for the 

potential near a point current source tend to infinity. In 
order to avoid the complications induced by that tendency, 
analytically obtained values are used for the source’s 
neighbouring nodes.  
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IV. VERIFICATION OF THE NUMERICAL TECHNIQUE

The numerical procedure is verified by analyzing a case 
of a grounded imperfect conductor layer with unlimited 
dimensions in the direction of the x  and  axis, located 
in air [9]. The analytical solution for the potential in that 
case is used for verification of the values obtained by the 
numerical procedure. 

z

A. Analytical solution for a layer of muscle tissue 
The analytical solution of a system consisted of a layer 

of grounded imperfect conductor with unlimited 
dimensions in the direction of the x  and z  axis, located 
in air, is based on the image series theory [10]. Firstly, by 
solving the differential equation (4), a solution is obtained 
for the potential originating from a single point current 
source placed in an infinite environment with the 
characteristics of muscle tissue:  

2 2 2 24 ( )( )T T L L

I

j j x y k z
        (9) 

 Applying the image series theory leads to the 
superposition expression for the potential: 

2 2 2 2
1

4 ( )( )T T L L

I
j j x y k z

2 2 2 2 2 2 2 2
1 1

(2 ) (2 )x L y k z x L y k z

2 2 2 2 2 2 2 2
1 1 0,1

(4 ) (4 )x L y k z x L y k z

2 2 2 2 2 2 2 2
1 1 ...

(6 ) (6 )x L y k z x L y k z
 (10) 

During the superposition process the change introduced 
by every image potential member to the calculated values 
for the potential sum is controlled. When the point is 
reached at which further addition leads to no significant 
change in the sum (for example, less than 1.5%), the 
superposition process can be ended. 

B. Numerical solution for a layer of muscle tissue 
In order to examine the x  and  dimensions of the 

layer which allow it to be considered as approximately 
infinite, a series of control calculations were performed. 
The resultant lengths of   and 

were obtained when the point was reached, 
at which further increasing of  

z

L 400mmx

600mmzL

xL  and  lead to no 
significant change (it was chosen, for example, less than 
1.5%) in the previously calculated values for the potential. 

zL

C. Comparison of results 
The compared numerical and analytical results along the 

line , for the layer case (Ny =50, Nx =200, Nz 
=300), used for verification of the developed numerical 
method’s accuracy, are presented in table 1: 

0, 0y z

TABLE 1: ANALYTICALLY AND NUMERICALLY OBTAINED 

VALUES FOR THE POTENTIAL ALONG THE LINE .0, 0y z

[mm]xr [V]A
x [V]x

10 7.8412 7.8151
20 3.6418 3.5939
30 2.2434 2.2006
40 1.5474 1.5091
50 1.1334 1.0986
60 0.8612 0.8292
70 0.6705 0.6408
80 0.5306 0.5032
90 0.4255 0.3997
100 0.3590 0.3202

The maximum value of the relative error obtained by 
multiple control calculations and comparisons of analytical 
and numerical results approaches 3 %. Considering that 
the method was applied on a simple model whose 
resolution was chosen by compromise between precision 
and time consumption, it can be concluded that the results 
obtained by the developed method are of high precision. 

V. RESULTS

The distribution of the electric potential calculated on 
the cross-section 0y  at 0f Hz are presented in Fig. 4.  

Fig 4: Potential distribution on the cross section 0y .

The model symmetry allows partial presentation of the 
potential, i.e. one half of the cross section. As shown in 
Fig. 4, the maximum value of the potential is 
approximately 90 V, and appears in the vicinity of the 
current source which is located in the origin. It is visible 
on Fig. 4 that the potential function rapidly approaches 0 
V, relatively near the current source. Because of the fact 
that the potential value equals 0 V in the remaining area of 
the cross-section, only the interesting part of it is shown on 
Fig. 4. 

For comparison, the distribution of the potential 
determined in [11] is presented in Fig. 5. 

892



Fig. 7: Capacitive component of the current density 
calculated in 3 locations (at 30, 40 and 50 mm distance 

from the current source). Fig. 5: Potential distribution in a system of a grounded 
conducting layer with unlimited dimensions in the 
direction of the x  and  axis, according to [11]. z

Using the determined values for the electric potential in 
frequency domain, the values for the current density 
components ( J E ), at every frequency are calculated 
by approximating the first derivation of the potential with 
the following finite differences relations: 

1, 1, , 1 , 1( ) , ( )
2

i j i j i j i j
ij ij

x

u u u uu u
x h y h2 y

.   (11) 

VI. CONCLUSIONS

The presented method determines the electric potential 
distribution in a human muscle excited by a pulse source, 
taking into account the anisotropic and dispersive 
properties of the muscle tissue. The obtained results show 
the influence of the properties on the current distribution. 
The developed method can be used for determination of 
current for muscle model consisted of several different 
tissues. The application of the method can be extended for 
optimization of electrode shape. 

In order to illustrate the performance of the developed 
technique, the current pulse shape is determined in 
different locations of the muscle model. Fig. 6 shows the 
total current shape in 3 different points located on 30, 40 
and 50 mm distance from the current source in the 
direction of the z axis.  

REFERENCES
[1] V. Krasteva and S. Papazov “Estimation of Current Density 

Distribution under Circular Electrodes for External Defibrillation” 
Biomedical Engineering OnLine, Dec. 2002; 

[2] J. D. Wiley and J. G. Webster “Analysis and Control of the Current 
Distribution under Circular Dispersive Electrodes” IEEE Trans. on 
Biomedical Engineering, vol. BME-29, No. 5, pp. 381-389, May 
1982;

[3] A. M. Sagi-Dolev, D. Prutchi and R. H. Nathan “Three-dimensional 
Current Density Distribution Under Surface Stimulation 
Electrodes” Medical & Biological Engineering & Computing, 33, 
pp. 403-408, May 1995; 

[4] M. M. Lowery, N. S. Stoykov, A. Taflove and T. A. Kuiken “A 
Multiple-Layer Finite-Element Model of the Surface EMG Signal” 
IEEE Trans. on Biomedical Engineering, vol. 49, No. 5, pp. 446-
454, May 2002; 

[5] L. M. Livshitz, P. D. Einziger and J. Mizrahi “Current Distribution 
in Skeletal Muscle Activated by Functional Electrical Stimulation: 
Image-Series Formulation and Isometric Recruitment Curve”, 
Annals of Biomedical Engineering, Vol. 28, pp. 1218-1228, 2000; 

[6] R. Butikofer and P. D. Lawrence “Electrocutaneous Nerve 
Stimulation – I: Model and Experiment” IEEE Trans. on 
Biomedical Engineering, vol. BME-25, No. 6, pp. 526-531, Nov. 
1978;

[7] Institute for Applied Physics IFAC, "Nello Carrara", “Calculation 
of the Dielectric Properties of Body Tissues in the frequency range 
10 Hz - 100 GHz”, Italian national research council, Florence, 
2007;

Fig. 6: Total current density calculated in 3 locations (at 
30, 40 and 50 mm distance from the current source). [8] N. V. Kopchenova and I. A. Maron, Computational Mathematics, 

Mir Publishers, Moscow, 1975; 
The values of the capacitive component of the current 

density calculated in 3 locations are presented in Fig. 7.  
[9] A. Kuhar, L Ololoska and L. Janev: “Determining the current 

density distribution in human muscle tissue excited by a pulse 
source”,  COMPUTATIONAL METHODS IN APPLIED 
MATHEMATICS, CMAM-4, Bedlewo, Poland, 2010; 

The current pulse amplitude is expected to decrease 
when the distance from the current source is increased. 
That expected tendency can be noticed on Fig. 6 and Fig. 
7, for the distances 30, 40 and 50 mm from the current 
source.

[10] M. N. O. Sadiku: “Elements of Electromagnetics”, 2nd Ed., 
Saunders College Publishing, 1994; 

[11] L. Mesin and R. Merletti “Distribution of Electrical Stimulation 
Current in a Planar Multilayer Anisotropic Tissue” IEEE Trans. on 
Biomedical Engineering, vol. 55, No. 2, pp. 660-670, Feb. 2008. 

893



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


